
* Legendrian Knots

A
. Preliminary Results
lemmal

let M be a 3-manifold on which the space of contact

structures isotopic to a fixed contact structure ?

is simple connected (ifM has boundary only
consider structures fixed at OM)

The classifying Legendrio Rnots in (3) upto isotopy
is equivalent to classifying them upto

contactomorphism (smoothly isotopic to the identity)

Proof :

exercise : two Legendrion knots are isotopic iff there is

a contact isotopy of M. 3) taking one to the other

Hint : use smooth isotopy extension and the Moser
method used in proof of Gray's Theorem,Th.

Clearly if to Legendrion knots are isotopic then

They are contactomopic by the endpoint of

the ambient contact isotopy
now suppose ↑ : M +M is a contactomorphism that takes

one Legendriol to the other L

andI is isotopic to the identify

so 74 :M-M with : id
, 4 = 4



#t : If = (4+ (*) is a loop of contact structures

based at 3

So by hypothesis there is a map

H : 90, 13 x 90, 13-> Espaceofcontact s a

S
.
t

.
H (t

, 0) = Tt , H(t, l = H(0,3) = H (1, 3) = 7

3

3 'I/ &

37

apply Grey's Th
*
to Hit

, 3) for teSo. 1] and s fixed

notice ass varies the diffeomorphisms
constructed vary smoothly

: We get a map

F : 90. 13 x90. 13-> Differ (m)

St.

F(0
,S)(x) = X

F(t, 1) (x) = X /since H(f, 1) = 1 for all+)

F(1 ,
3) are all contactomorphisms of 3

exercise : you can choose & for it so that

F( +, 0) = 04

: F(1
,
s) is a contact isotopy from id = F11

,
1)

to $ = (1
. 0)
#



Fact (Eliashberg) :

the space of contact structures isotopic to

Eid on S3 or
B3 is simply connected

(Vogel) :

same is true for SixD2 with convex boundary
having I dividing curves of slope n

Corollary 2 :

the classification of Legendrian knots in

(S, 3sta)
,
(B, Tsu)

,
(SxDY Tsie)

up to contacomorphism and upto isotopy
is the same (for latter Imanifolds every

thing is upto isotopy)

recall : any Legendrian Knot L has a standard neighborhood
N with convex boundary having I dividing curves

of shope +b (4)

exercise :

1) any
L'c N isotopic to the core must have to < +b ()

2) If Abil = +(a) Then Lis Legendrion isotopic to

↓

vint : create a contactomorphism of N taking
L to L' then use Corollary 2

3) any I standard blds of 1 (with same characteristic

foliation on 7) are isotopic



I exercises imply you can studyLegendrimknots by
studying their standardnbhds

!

note : inside N we can stabilize L
↓
I stabilization

let NI be a standard neighborhood of S14)I

-

N-NE is Tx 90
, 13 with dividing slopes

tb (2)-1 and +(1)

so it is a basic slice !

of course different basic slices correspond
to different stabilizations

we can turn this arround !

given a Legendrian L with stdubhd N

suppose N is contained in a solid torusN' and N' has convex

boundary with two dividing curves of slope Tb() +

then I' is a standard ubhd of a unive Legendrian Lq
andI is a stabilization of L

sign of stabilization depends on sign of the

basic slice

we call L a destabilization of (

this if we have a bypass for IN along a ruling curve

of slope > B1) + 1
, then after attaching the

bypass we get a torus T' with dividing shope +bit) +1

andT' bounds a solid torrs N that is a stal

ubhd of a destabilization of (



B. The unk not

ThA3 :

If U is the unknot in afight manifold (M. 3) Legendrian isotopy
a
S classes of Legendrianthen there is a unique Legendrio LE2(u) realizations of U

with i (2) = -1 (and (2) =0) and all other

L'ef(r) are stabilizations of L

note : this means the mountain range of
U is

⑧ =- (0
,
-1)

·
* Y

I O

·

X L Y
& &(2)

. Y

Proof :

we note the Bennequin inequality says for LEL (0)

+(c) + Ir(t))1 - 1 <- x(D4

so we only need to consider the case when+b)=

we will show

1) any Le [ (v) with th /2)
< - 1

, destabilizes

2) there is a unique Le[(v) with th
()=

the theorem clearly follows

Proof of 1) :

let Lef(v) with +b (2) -1

let N be a standard neighborhood of L

Now is I curves of shope-n, for some >

make ruling curves on N have slopeO

Since U is the unknot I a disk D with GD = ruling curve.



#R: +w (2D
,
D) = - E(2D1 Nyn) = - n

so we can make D convex

My near 2D looks like

-

&
12

so we must see

-
-

E
,

i
&

-&↑1T--can use Giroux flexibility to find a bypass on D forGN:&
attaching bypass to -N gives conventors T

with dividing shope -n +

T bounds N a solid torus
, as discussed above N' is a

Staubled of a Legendrian Knot Land = (2)
for some choice of sign

Proof of 2) :

first assume M=s

Suppose ( ,
21 = [ (r) and +b() = +b)= -

let N
,
N' be standard ablds of L,t

, respectively
I can assume (N = 2N')
-

-

Set c = 53 -N and C = 33- N/

these are both solit fori
, naturally s; and both have

dividing shope -1

since the dividing curves are longitudinal there is a unique

fight structure on So with these boundary conditions



:. J a contactomorphism -> c

and this can clearly be extended to N.
N' toget

a contactomorphism from 3-33 taking N.
N'

Since N=N contains a unique Legendrio with
t = -1 by the discussion after horollary
we can assume the contactomorphism sends
L to L

we are now done by Corollary 2
exercise : Same result holds for (B4sra)

Hint : Show two Legendrian knots are isotopic
in 33 iff they are isotopic in the complement
of a Darboux ball

now for L ,
1 in a general manifold M

we can use Giroux flexibility to show

in
we can assume the disks

,

D
,

D, that LL' bound are

disjoint

let B = nbhdDrD'varc joining D toD'

te: B is a 3-ball with a tight contact
str on it soLis isotopic to 1 in B

and hence in M

#



C
.
Torrs Knots :

let N = nbhd of the unknot in S

u CON bound a dist in N
-

xc2N" 1 53N

⑮~
M

using this basis for H, N) we can represent any embedded curve

U by its homology class p(x] +g[M] for relatively

prime p anda

an embedded curve U on N realizing p(x] + g[M] is called

a (P. 9) - torus knot and is denoted Tpig

say Tog is a positive forus knot if paso
is a negative " "pq0

examples : T
..⑪ is the unhnot

Tz
, 3 is the trefoil

1⑭ G

exercise : Show Tog is isotopic to Tap
and T

-Pig



exercise : Show Tpg has a Seifert surface of

genus g
= (19-1) Isame as X= p+g-pa)

Hint : take p copies of disk ⑭
92 ↓

T
they will intersectpg times on IN

"resolve" the intersections

Th1 4 :

if Tpg is a positive torus knot, then

there is a unique Legendrian Lef !Tpial
with +b k) = pq-p -9

moreover
,
r(1) = 0 and any other element

in 2/Tpg) is a stabilization of L

Las front diagram strandsS---
S

&.....
.

-

9 strands

exercise : compute+b and r in diagram above

note : this means the mountain range of Tpg is

⑧ = (0
, pa-p-q)

·
* Y

I O

·

X L Y
& &(2)

. Y



ThA 5:

↓
no loss ofgenerality

If Tra is a negative torus knot with -g >>o,
then

1) the maximal Thurston -Bennegin invt for knots in LITpg)
is Pq

2) any Root in 2Tp, q) is a stabilization of a knot

with +b = pq

3) if-k- 1 < % -k then there are exactly In knots
-

in 21Tpa) with th=pg and they are determined

by there rotation numbers which are

( = (9-p +n2g) : 0 n = (4-p)3
4) Tpig is Legendrian simple

11
.
2

.
Two knots in 2 /Tpg) are Legendrion
isotopic same th and r

if -a = (n
,++ 1)p + e then the front diagrams for knots in

& (Tpg) with th =pg are

strands/
n

,
B

-

g "- =-& :
-

---
2 --

A =E or =
...

Z

- -

e 2

exercise : compute thipg in examples above

computer and show they agree with
Item 3) in The

examples :

T = (3-2- 2.2n) Ons
2)

= 1
2, -3

Il

Il



so mountain range is

r = - 1 n= 1
so all elts in 2(T3

,
2) are

th= - 6 % stabilizations of
⑧

Ye↓ &- ! r= - 1 r= 1

more generally T2
,
-12n + 1)

has Th = - 4n-2

possible rotations are

= (2n - 1 - 2- 2 -n) 0 =n

= (21 -1)
,
1(2n- 5)

, ...,
I(2n - 4n -3)

e.g. n = 2 # 3
,
I(- 1

So - 3
,
-1

,
1 1 3

n = 3 15
,

11
,
](- 3)

So - 5, -3
,
-1

,
1
, 3

,
5

exercise : show rotation numbers are

- 21 + 1
.

-In+3 ... , In - 3
,

2n-1

so mountain range is 21

-
① &

L X XXd V ----- C X
O O O 00· ↓e ·

X & Y
&

S I

&

! -
/

T
4.9 maxth = - 36

rotation numbers are 119-4-on) on



so = (5 -0)
,

= 15 -8)
,

15 - 16)

= 5
,
1(3)

,
=( - 11)

- 11
,

- 5
,

- 3
,

3
,
5

,
11

so the mountain range is

·

v -a °X
.

Y ↓
O & & - O

↓
& O &

&
C C X

O ad Y ↓
-G
↓ ↳I ↓ I 7 d ↓ ↓ *

O
to VottoL -XXVX E ↓

O & & & &

Y

&

Y

'

&

!

I

n
I

i

exercise : Given any him
,
show there exist negative torus

knot Tpg with mountain range having In "peaks"
and "valleys" of depth = m

~

Thy are positive and negativetorus knots so different ?

answer : slopes of convex Heegaard turi in S3 !

using the coordinates on the Heegaard torus Tim above
he in the def* of 1p. 9) -tor us knots

53= Souso
Las we discussed when classifying contact structures

on lens spaces)
we can think of by as a standardubhd of the

t = -1 Legendrion unk not

so [sidlgy is unique element in Tight(syi-1



similarly3stalgo is unique element in Tight(s; -1)

note : in by we can find convex tori with any dividing
shope in 10-17

so 1( 2
-L /

slope in [-1 .
0)

so in S we can find convex Heegaard fori with

dividing slope any negative number !

also ifT was a Heegaard torus with dividing
slope 120 then T splits S3 into

So and 50 where they both have

dividing slope r

this in 50 we can realize a convex torus

with any dividing slope in 10 ,
r]

O

S!
]

in particular, there is one with dividing
Slope O,

a Legendrian divid on it

bounds a meridional disk in 50
: contact structure is over twisted

so Tdoes not exist !



we have shown

lemma 6 :

thinking of 53 as Sorso we can find a convex Heegaard
torrs of slope r in 153, 1st) E rco

(more over we can assume it has 2 dividing curves

Exercise :

show it S is a solid torus in a fight contactmanifold (M,
2)

with core an unlenot
,
then any convex torus T smoothly

isotopic to US has dividing slope in 1-0, 0).
moreover

, any slope in 1-%.
% can be realized as

the diving slope of such a torus

-classify Legendrio positive torus knots
Proof of Th * 4 :

we will show : 1) any element in 2 (Tpg) destabilizes
to an element with th = pg-p-9

2) there is a unique element in LLTpg)
with th = pq-p-g (and it has r=0

clearly the The follows

we first need to compair framing of Tra from Seitent
surface to framing coming from torus T containg Tp,

exercise :

show Horus framing) - Beiter+ traming) =P

so if LEf(Tpg) then +b() = tr( ,
T) + pq



hint : recall construction of Seifent surface

using copies of disks

T
away from intersection points framings same

at each intersection point pick up Il

=
now the Bennequin inequality says for LE](Tpa)

ts(1) = pq-p-9

So fw( ,
i) = -p -940

: can make T convex without moving L

to prove 1) We assume tb . )
<

pq-p-9

and putL on a convex torus T

exercise : if U has slope st(-y,
0

then W. Tpg = p + q

with equality E) S = -1

note there is a torrs T that is disjoint from,
but

isotopic to T such thatT' convex

It
+

+ = 2

Slope (F . ) = 1

assume ruling slope of T is ap



let A be an amulus with one boundary a ruling
curve on T and the other L

we can makeA convex (why ?)

note : ↑A1( = 2 1tw (2
,
T)) > 2(p+9)

↑11 ruling curve) = 2(p+g)

so as we have done before NA has a "boundary
parallel" arc (parallel to <)

L
so we get a bypass #

·
A

we can use this to directly destabilize (but

arguing as in end of Section A , we can conside

a standard ubled N of L and argument above

gives a bypass for UN along a ruling cre of

slope O Cusing T framing)
so I destabilizes

to prove 2) we note if L,

2 = 2 (Tpg) both have
B =pq-p-g then LL' can be put on a convex torrs T

,

T

each with 2 dividing curves of slope -1

we can also assume LL' are ruling curves in Th , Ty
now T

.

T bound solid fori S
.
S'

S
.

S' are ste abbds of Legendrian unknots



E
.

['with th = /

~ -/

so in 3 says L ,
L are Leg . isotopic and

discussion in Section A says S is contact
isotopic to si

-- ↳
,
L'are ruling curves on same torus

=
- isotopic through ruling curves #

Proof of Th *5:

we start with

Eact: <e2 (Tpg) = +y() = p9

(so tw(2,
i) => 0)

: if LEL(Tpg) then can put on a convextorus T

if +b() < pg ,
then slope(

+
) = 5 *9 Cors = p and L not

a ruling carve
-J a connex tors T'disjoint from T

, isotopic to T
,
and

with slope(+1) = % and 19
+ ) = 2

IsinceT splits &" into Souso and

sal
by

Tight /So ; "p)

3sta/goe Tight (so; 4/p)

hist can realize all slopes in <-*, 3]

second 1/ [S,0)

and9pt one of these interals)

let A be an annulus with one boundary component L
and other a dividing curve on Th



so as above we can find a bypass for L

and hence can destabilize L

: +(1) <pq = <destabilizes

now if ( = L(Tpg) and t1) = pq then as above

we can put on a conver torus with dividing
slope "Ip

,
as a Legendrio divide

recall we are assuming-R-149p < -k

so there are tori T
,

T" such that

T is a convex torus with 2 dividing curves of
Stope-k , bounding a solid torrs S'= So

containing T
T" is a connex torus with I dividing curves of

Slope-r-1
, bounding a solid tors S" = So

that I bounds

↳- L&3/-Pla -
- k-1

Legendrim unhnot L'with th = -R

there are l possibilities depending on rotation



number

S & - L - 7

lig.
n = 4 ·ze

/

↳
r= -3

- I I 3

and S" is a standard bud of a Legendrian
unknot !" that is a stabilization

of L

there are 2 choices for L" : S1)

Claim :L determined by Land L'

(ie
.
if 2

,
I has L'isotopic to[l

I ~ I

and Lisotopic to L

then Lisotopic to 2)

given this there are at most 24 (EGCTna)
with t =pq

from exercise /front diagrams) after statement
ofTh 5 we know there are at

least In as well and they have

claimed rotation numbers

Proof of Claim :

Suppose It+ 1=

let C = s

R = S'- S'

RIT = Ro UR,

note : S = S"vRovR,
rc



3) - Tight (So; -k- 1) unique !

↑
--k-i

3
p

E Tight min (T*x 20,
13; -R - 1

,

-4)

basic slice
,

so I possibilities
determined by 1 in L"= S=(L)

-R

2(
-he=T

3),1t Tight (so; -k)

↳ possibilities determined by L

gi
-

finally 71p ,
11
2,

determined by splitting 71
along T

-determined by Tr &G&:
- by = in S

=
())=
"RL
-92
- 4 - 1

Ro
his: J contactomorp on (S2

, Isid) taking
S" -> 54
Ro - Fo
R

,

+ M



=>

·
:. T to

L is Leg divide on
T and
-

-----T

if f sends 1 to [ then we are done

otherwisef sents (to the other Legendrion
divide on F and we are done by

exercise :

the two Legendrion divides on F in Rare

Legendrian isotopic

hint : in Ethere is a torrs ↑ with is a

linear foliation of slope "
Ip

T is a perturbation of F and Leg.
z

divides of T are Fn F

⑳R
to finish the claim we need

exercise :

suppose
T has In dividing curves

in R there are tori T
,
To such that

T
,

are conver with to dividing curves

of slope "Ip



and To
,
T

,
robound a

Thx90
. 13 containing

sproven
in earlier

the contact structure is unique on
Tx 90

.1) exercise)
and the Legendrian divides on Tare Legendria
isotopic to divides onT; so we can

assumeLis on a convex torus with

2 dividing curves
hint

-
-

xLeg divides X90, 1]

-

⑳⑳ T

-

lastly we need to see if 1 ,
2 L(Tp.s) with +1) = +bil =09

and (c) is adjacent to ric) in set of rotation

numbers for t =pgelis of 21Tpg) then as

soon as they are stabilized so that rotation

numbers are same,
then they are Leg . isotopic

recall
,
if- a = (n

,
+ + 1)p + e,

then the front diagrams for knots in & (Tpg) with th =q

are

strands/
n

,
B

- r
"

-& -"--
-

A =E or =
...

Z2 --

- -

e 2

exercise : show if L and I' have "adjacent"
rotation numbers then either



1) U; for Land same but As are

different or

2) As are same andhis differ by one

now show when L
,
I' differ in this wayE

They are isotopic often stabilizing
right number of times

219
way to see

this

exercise : Suppose L
,
I have associated solid fori Sis, 5

,
5

as above,
with ss'abhds of Lit and

S""nbhds of L",
"

if11 =[ then show first common stabilization

of 12 is the ruling more on JS = 2S"

If If I' but "=I"
,
then show the first

common stabilization of 1
,
5 is the

ruling curre on JS"= 25 "
#

Proof of Fact : pqcO, LEL(Tpq) => +b() =pa

suppose JLE](Tpa) with +(c) >Pa

by stabilizing can assome +bk) = pg+I

now let X be Weinstein 4-rfd obtained by
attaching I-handle to B" along L

2 X = pg-Delin surgery on L

recoll framing of L from T is a



so when we do Dehn surgery we remove

a nbhd N of L from 33

T1(5 N) = annulus A

when we glue in S'XD2 two dishs

gloe to 2A to give a sphere

Fo
:. 2X =M

, #M2

exercise : show M = Llpg) and Me = -Lla
,
p)

Eliashberg shows if 2X a connected sum

then X= X
,
UX

,
Ulhandle

1- 4

--U
:. 2Xy =Mi

Mayer-Victoris =X , or X2 is integral homology
ball

Long exact sequence of a pair
-> M

,
or Me an

integral homology sphere


